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Abstract. We prove a product decomposition of the Zariski closure of the jet lifts of an entire 
curve f : C ^ A into a semi-abelian variety A, provided that / is of finite order. On the 
other hand, by giving an example of / into a three dimensional abelian variety we show that 
this product decomposition does not hold in general; there was a gap in the proofs of 
Proposition 1.8 (ii) and of Theorem 2.2. 

1. Introduction 

Let A be a semi-abelian variety (i.e. an extension of an abelian variety by a product of copies 
of the multiplicative group), / : C — s- j4 a holomorphic map and Jfe(/) : C Jk{^) its k-th jet 
lift. Since A has a trivial tangent bundle, all the jet bundles are trivial and Jfc(^) decomposes 
as a direct product A x C"'^ with n = dim. A in a canonical way. 

In this note we use Zariski topology in terms of algebraic subsets. A map from a complex 
space into a complex algebraic variety is said to be Zariski (resp. non) degenerate if its image is 
(resp. not) Zariski dense. 

Now let Xk denote the Zariski closure of the image Jfe(/)(C) in Jk{A). Then it was claimed 
in 1^], Proposition 1.8 (ii) and in Theorem 2.2 for the case of an abelian variety A that 
Xk is a direct product of a translate of a semi-abelian subvariety of A with a subvariety of 
C"^. Unfortunately, there was a gap in these proofs, as pointed out by P. Vojta in a private 
communication. 

In this note we prove this assertion for the case where / is of finite order and also for the 
case where A is a simple abelian variety (see Theorem p. 51 ). On the other hand, by giving an 
example we show that the assertion is not true in general (see Proposition |3.1| ). 

2. The finite order case 

Basically, we follow the arguments of The key idea is to consider jets of jets. For the 
better understanding the argument is split in a sequence of lemmas. 

Lemma 2.1. Let X be an irreducible complex algebraic variety and p (z X \ Sing(X) a non- 
singular point. Then there exists a Zariski nondegenerate holomorphic map f from the unit disk 
A to X with /(O) = p. 
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Proof. Let m = dimX. Let ai, . . . ,am be Q-linearly independent positive real numbers. Let 
A2 = {z : \z\ < 2} and fix an open embedding l : A™ ^ X such that p € i(A^). Recall that 
there exists an isomorphicm ^ : A = = {z : Q{z) > 0}. We define a map (j) '■ U R — >■ 
A^ C X by 

z ^ (e"l^^... ,e"'"*^) 

Because the real numbers are Q-linearly independent, (/'(R) is dense in the real torus (S^)"^. 
Hence (S^)™ is contained in the closure of (f){H^). Next we choose a holomorphic automorphism 
ip of A™ with iJj[(j){Q{{)))) = p and define f = ip o (p o 

Because (S^)*" and therefore also ijj ((S^)™) is totally real and of real dimension m, it follows 
that no closed analytic subset of X except X itself can contain i{'ip{(j){H'^))). Thus /(A) must 
be Zariski dense. □ 

Remark 2.2. Regarded as a map from C to C" the map (j) defined in the above proof is an 
example for a holomorphic map from C to C" for which the image 4>{C) is not contained in any 
proper analytic subset of C". 

Let A be a semi-abelian variety and C'" the complex affine space. Let X C A x be an 
irreducible algebraic subvariety. We define the stabilizer group by 

StabA(X) = {ae A: {x + a,y) £ X for V(x, y) e X C A x 0"^}°, 

where {■}^ stands for the identity component. Then StabA(X) is a connected closed algebraic 
subgroup of A. 

For / € N, let Ji{X) be the l-th jet space of X and let pi denote the natural projection 
pi : Ji{A X C"") ^ A X C"'+™('+i) ^ Ji{Ax C"')/A ^ C"'+™('+^). 

Lemma 2.3. Let the notation be as above. Assume that Stabyi(X) = {0}. Then for every 
sufficiently large I the differential of pi\ j^{^x) restricted to the jet space Ji{X) has maximal rank 
at general points of Ji{X \ Sing(X)). 

Proof. The proof is similar to that of Lemma (1.2) in |Q] (cf. Proof of Lemma (6.3.10), too). 

For an arbitrarily fixed point y^ £ X \ Sing(X) there is a Zariski nondegenerate holomorphic 
map f : X with /(O) = yo by Lemma Let Ji{f) : A Ji{X) be the l-ih. jet lift, and 
set 

yi = Ji{fmeJi{X), Z = 0,l,2,.... 
We are going to show that there is a number Iq satisfying the condition: For every I > Iq, the 
differential at yi 



A NOTE ON JETS OF ENTIRE CURVES IN SEMI-ABELIAN VARIETIES 3 

is injective. 

Let xo € ^ be the image point of yi by the natural projection, Ji{X) A. First we note that 

Because of the definition of have the kernel, 

keicd{pi\j^^x))m CT^o(^)- 

Since 

kerd(pi|j,(X))j/, D kei d{pi+i\j^^^(^x))yi+„ 
there is a number Iq such that 

kerd(/9«|j^(x))y, = ker d(p/Jj,^(x))y,(, for all ^ ^ Iq. 

Suppose keTd{piJj^^^x))yi,, + {0}- Take a vector G Vav d{pi^\j^^(^x))yi,, \ {0}- Let G 

be a holomorphic function germ in the ideal sheaf of X at y^. Then considered as a vector 

field on A, satisfies 



dz^ 



vh{f{z)) = 0, / = 0,1,2, 

z=0 



Therefore, vh{f{z)) = in a neig hborhoodof (cf. g, (6.3.12)). Since h was chosen arbitrarily, 
we obtain vh{f{z)) = near for all h £ IyQ{X). Hence v is tangent to X at every point of 
/(A). Since /(A) is Zariski dense in X, v is everywhere tangent to X, so that X is invariant by 
the action of the one parameter subgroup generated by v. This contradicts the assumption. □ 



By Lemma 2^ we immediately have the following. 
Lemma 2.4. Let A be a semi-abelian variety, and g : C ^ A x C™ an entire curve. Let X be 



the Zariski closure of g{C). Assume that Stab^(X) = {0}. Let I be as in Lemma 2^. Then for 
every rational function (p on X the induced meromorphic function (p o g on C is algebraic over 
the field extension of C generated by all the components of pi o Ji{g). 



Theorem 2.5. Let A be a semi-abelian variety of dimension n, and f : C ^ A an entire curve. 
Let Xk be the Zariski closure of Jk{f){C) in Jk{A) = Ax C"^. 

(i) Assume that f is of finite order. Then there exist a semi-abelian subvariety B G A, a & A, 
and a subvariety Wk C C"'^ such that X^ = {B -\- a) x Wk- 

(ii) If A is a simple abelian variety, then there is a subvariety Wk C C"'^ such that Xk = AxWk- 

Proof. Let B = ^tabA{Xk) and apply the preceding Lemma to the holomorphic map F : 
C ^ {A/B) X C"'^ ^ Jk{A)/B induced by Jk{f) : C ^ Jk{A) ^Ax C"^ Let Fi : C ^ A/B 
denote its first component. Then Fi is the composition of / : C — > A with the natural projection 
from A to A/B. 
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Assume that / is of finite order. Let / : C ^ C" denote the hft of / to the universal covering 
of A. Then the hft / is a polynomial map, and hence pi o Ji{F) are polynomial map, too 
(see, e.g., Q). The preceding Lemma p.4| now yields that for every rational function on the 
semi-abelian variety A/B the induced meromorphic function (j)oFi is algebraic over the rational 
function field C{z) in z. It follows that Nevanlinna's order function fulfills T^oFil?^) = O(logr) 
(cf., e.g., Proposition (5.3.14) and Lemma (6.1.5)). This implies that (p o Fi is a rational 
function. Since this is true for every rational function (p on A/B, it follows that Fi : C ^ A/B 
is an algebraic morphism. But every algebraic morphism from C to a semi-abelian variety is 
constant. Thus the projection map from Jk{A) to A/B maps Xj. to a point. This implies that 
Xk = {B + a) X Wk for some subvariety Wk C Jk{A)/A and a ^ A. 

In general, the above argument at least implies dimStab(Xfc) > (cf. Lemma (1.2)). If 
j4 is a simple abelian variety, then Stab(Xfe) = A, so that the required assertion follows. □ 

Remarks 2.6. 

(i) Using induction, one can deduce from dimStabyi(^o) > that for every such holomorphic 
map / the Zariski closure of the image /(C) in ^ is a translate of a semi-abelian subvariety. 
This fact ("logarithmic Bloch-Ochiai theorem") was first proved in Q. 

(ii) However, for A; > and < diuiB < dim^ the quotient Jk{A)/B is strictly larger than 
Jk{A/B). Therefore one cannot use induction to prove that has a product decomposi- 
tion as in the case where / is of finite order. Basically, this is the gap in the incomplete 
proofs mentioned in the introduction. This gap cannot be filled: As we will see in the next 
section there is a counter-example in the case where / is not of finite order. 

3. The counter-example 

Proposition 3.1. There exist a three-dimensional complex abelian variety A and a holomorphic 
map f : C ^ A with the following properties: 

(i) The image /(C) is Zariski dense in A; 

(ii) Let X denote the Zariski closure of the image of the jet lift Ji(/) : C Ji{A) = Ax C'^. 
Then X is not a direct product inside Ji{A), i.e., there does not exist a subvariety W C C^ 
such that X = Ax W . 

Proof. Let C be a nonsingular cubic curve in P2(C). Then C is an elliptic curve, i.e., a one- 
dimensional compact complex torus. For a point x = [xq : xi : X2] G P2(C) we define x"*" = 
{[zq : zi : Z2] : X]j ^i^i — 0}- We define a surface S d C x P2(C) by 

S = {{x, z) G P2(C) X P2(C) : z G x^ and 2; G C} 
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Note that the projection C x P2(C) C induces the structure of a holomorphic fiber bundle 
on 5, with fiber Pi(C) and base C. 

Fix p G P2(C) \ C. Now for every x G C, the sets and are two different Unes in P2(C). 
In particular x"*- r\p-^ contains exactly one point. Define 5 = 5 \ (C x p^). Then S* is a closed 
algebraic subvariety of C x = C x (P2(C) \ p-^)- Let z : 5 ^ C x denote this embedding. 
On the other hand, by the projection on the first factor, S can be realized as a holomorphic 
fiber bundle with fiber C and base C. Let vr : S" ^ S* be the universal covering. Then S = C , 
because C is the universal covering of C and every C-bundle over C is trivial. 

Let g : C ^ be a holomorphic map such that no proper analytic subset of contains 
g{C) (cf. Remark ^). Let G = (Gi, G2) : C ^ C x be the holomorphic map given by the 
compositions 

Note that i{S) is the Zariski closure of G{C) in C x C^. 

Choose a lattice A in such that B = C^/A is a simple complex abelian variety. Denote 
the natural projection by r : B. Let A = G x B. Now we are in a position to define the 

desired entire curve / : C — s- A: Let / = (/i, /2) : C — > C x with fi = Gi and 

f2{x) = T G2it)dt^ . 

We have to verify that / has the desired properties. By construction /(C) is not contained 
in (a translate of) one of the two factors of the product C x B. On the other hand, the Zariski 
closure of /(C) must be (a translate of) a subtorus and B is simple. Therefore /(C) is Zariski 
dense in A. 

Next we consider the first jet lift 

Ji(/) : C ^ Ji{A) ^AxC^^CxBxCxC^. 
By construction we have 

«^i(/) = (Gi, f2, G'l, G2). 

Let q : (xi, X2; fi, ^2) 1— > {xi,V2) denote the projection on the first and fourth factor. By our 
construction the closure of q{Ji{f){C)) in C x C^ coincides with i{S). In particular, it is not a 
direct product of subvarieties of the two factors. It follows that the Zariski closure of Ji{f) in 
Ji{A) = A X cannot be a direct product of a subvariety of A with a subvariety of C'^. □ 

Remark 3.2. The projection map p2 from i{S) C C x C^ onto the second factor C^ maps 
i{S) surjectively onto C^. As a result, for a holomorphic map G : C ^ i{S) with Zariski dense 
image in i{S) the induced map G2 = P2 ° G* : C ^ C^ has a Zariski dense image. Therefore in 
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the above construction G2 : C — > cannot be a polynomial map. As a consequence /2 and 
therefore f : C ^ A is not a holomorphic map of finite order. 
Note also that StabA(X) = {0} x B. 

4. Consequences 

It should be noted that in the proof of the Main Theorem of Proposition (1.8) (ii) was 
not used. Hence it is valid without any change. 

Similarly, the product decomposition of is not essential in any of the proofs of as in 
Q, where the product decomposition was not used. 
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